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CHAPTER 9

AC Power Analysis

Our effort in ac circuit analysis so far has been focused mainly on cal-
culating voltage and current. The major concern in this chapter is power
analysis.

9.0.4. Power is the most important quantity in electric utilities, elec-
tronic and communication systems because such systems involve transmis-
sion of power (or energy) from one point to another.

Every industrial and household electrical device (every fan, motor, lamp,
pressing iron, TV, personal computer) has a power rating that indicates
how much power the equipment requires; exceeding the power rating can
do permanent damage to an appliance.

9.0.5. The most common form of electric power is 50-Hz (Thailand)
or 60-Hz (United States) ac power. The choice of ac over dc allowed
high-voltage power transmission from the power generating plant to the
consumer. (DC attenuation is high.)

9.1. Instantaneous Power

DEFINITION 9.1.1. The instantaneous power p(t) absorbed by an
element is the product of the instantaneous voltage v(t) across the element
and the instantaneous current i(¢) through it.

Assuming the passive sign conve/r;\tion as shown in Figure [T,
-~

p(t) = v(t)i(t). |

V'\
The instantaneous power is the power at any instant of time. It is the
rate at which an element absorbs energy.
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114 9. AC POWER ANALYSIS

9.1.2. Consider the general case of instantaneous power absorbed by
an arbitrary combination of circuit elements under sinusoidal excitation.

) ) + Passive
Sinusoidal )
v(t) Linear
source
— network

FIGURE 1. Sinusoidal source and passive linear circuit

Let the voltage and current at the terminals of the circuit be
v(t) = V;, cos(wt + 6,)
and
i(t) = I, cos(wt + 0;)
where V,, and I, are the amplitudes, and 6, and 6, are the phase of the

voltage and current, respectively. The instantaneous power absorbed by
the circuit is

(9.4) p(t) = v(t)i(t) = Vil cos(wt + 0,) cos(wt + ;)
ej(Wt"‘H@) 4+ e_j(Wt+9v) ej(Wt+91') 4+ e_j(Wt+9i)

9.5 =V,
(9.5) 5 5
(9.6) — V. I 1 (ej(2Wt+9v+9i) + el 0i=0) | oi(6—6:) 6—j(2wt+9v+9i)>
m m4
1 6‘7(01;761) + 6‘7(91791)) e](2Wt+01;+61) + 6*](2Wt+6v+01)
) =V, 1,=
(9.7) Vil ( 5 + 5 )
1
(9.8) = lem§ (cos (0, — 6;) + cos (2wt + 0, + 6,)) .

Alternatively, from (9.4)), we can apply the trigonometric identity
1
cos Acos B = §{COS(A — B) 4+ cos(A+ B)}
to directly arrive at which is
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\*

1 ~ 1
(9.9) p(t) = §VmIm cos(f, — 0;) + §lem cos@t + 0, + Qiz.

- g -

~~
constant term time-dependent term

9.1.3. The instantaneous power, when expressed in the form of ,
has two parts:

(a) First Part: a constant or time-independent term. Its value de-
pends on the phase difference between the voltage and the current.

(b) Second Part: a sinusoidal function whose angular frequency is 2w,
which is twice the angular frequency of the voltage or current.

p(t) 4

/

%le,,, cos(6h — 0))

>
>

t

9.1.4. Consider the sketch of p(t), we observe that
(a) p(t) is periodic and has a period of T, = I, where T' = 2T is the
period of the voltage and the current
(b) p(t) may become positive for some part(s) of each cycle and negative
for the rest of the cycle.
e When p(t) is positive, power is absorbed by the circuit.
e When p(t) is negative, power is absorbed by the source.
— In this case, power is transferred from the circuit to the
source.
— This is possible because of the storage elements (capaci-
tors and inductors) in the circuit.
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rc,o] powey P
9.2. Average Power

The instantaneous power changes with time and is therefore difficult to
measure. The average power is more convenient to measure.

DEFINITION 9.2.1. The average power (of any periodic signal) is the
average of the instantaneous power over one period.

Thus, the average power is given by

T . .
= l/ p(t)dt 7 1lem cos(0, — 6;). for sinusoidal
T J 2 S'\'j als
e Since cos(6, — 0;) = cos(6; — 0,), what is important is the difference
in the phases of the voltage and the current.
e Note also that p(t) is time varying while P does not depend on time.

9.2.2. Using the phasor forms of v(¢) and i(t), which are V. =V, /0,
and I = I,,,£60;, we obtain

1 1 :
P = EVmIm cos(f, — 6;) = §Re{V1*}1

9.2.3. Two special cases:
Case 1: When 0, = 0;, the voltage and the current are in phase. This implies
a purely resistive circuit or resistive load R, and N LA
1) % RV

1 = 2
P:§lem v =1k

This shows that a purely resistive circuit (e.g. resistive load
(R)) absorbs power all times.
Case 2: When 6, — 6; = £90°, we have a purely reactive circuit, and

CIVIL

P—1V] 90°) =0 1 _-;
— 5 mlm cos(90°) = ._l —

showing that a purely reactive circuit (e.g. a reactive load L
or (') absorbs no average power.
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[3]= /50"4— (- 7o)t

EXAMPLE 9.2.4. Calculate the average power absorbed by an impedance

Z =30 — 770 2 when a voltage V = 120£0° is applied across it._. # ; ,\"‘”z
< 4 g 1% - S(X)V¥) clp UM L i
T o ]a.__ilze.{vl} _-}_Raiv(—%)}-zﬂe{\/z = Re 'i*j
T/ IL z > 2 { IV 3 |\‘7|'z ){ 1 12
M :}zl {2},_.!..._-.&-.%:_—_ x 3O
- =2 Rﬂ{ * 2 ¢ 32 )2t {' 230430
2372t N

EXAMPLE 9.2.5. A current I = 10£30° flows through an impedance
Z = 20/ — 22°€). Find the average power delivered to the impedance.

re [Ui¥h = DIEIMre|EL < dx 0" 20x costoan’)
This Pov‘\' con be
= 9272\ found c].'ud'l)/
fiom your celevlator.
have two more formula. (corve.t 26 7 22° to

e Z when a voltage V cectegele-

D )

1
P 2

9.2.6. From Ohm’s 18

(a) The average power absorbed by an imped:
is applied across it is

)

\'A 1 - 1
A Z' 2
(b) The average power absorbed by an impedance Z when

flows through it is

1 1 1
P = SRe{VI'} = -Re{V__} = §|V\2Re{

current I

1 1
P = JRe{VI') = [ Re{IZI'} = %|I|2Re{Z}.

(&
ExAaMPLE 9.2.7. For the Ci(rE, it shown below, find the average power

supplied by the source and the average power absorbed by the resistor.

! i0
) N — AW ‘E <4 -2)
I - ——é _
z Py &VCD \\ 20
PDivection of 1T &4 PC, = QO
Pa"co-ri'\'/ o-{- a\-/s do rnoer con '['O"“

u-u'.'hﬁ '\'Iﬂc r'oij.lvt f:5w copuw'\‘:}ﬂ .,
- . * S
LR YT )= -4 re [V ()7} = -4 %) RelZ)
= 7, 2 K3 2
va 2 "rL S { z |%|"
= -—-‘lz..x-_’_i_‘_x e = "25N = absorL -2.5 W
are = Eurr?y +2-5 N
Lb) We kwnow that P, =0. Se all civerege power su(‘o\?eé 5, tle Source

ot be absorbed 'va)/ tre resistor. So P&=2-»5N
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9.3. Maximum Average Power Transfer

9.3.1. Recall that, in an earlier chapter, we solved the problem of maxi-
mizing the power delivered by a power-supplying resistive network to a load
R;. Representing the circuit by its Thevenin equivalent, we proved that
the maximum power would be delivered to the load if the load resistance
is equal to the Thevenin resistance R; = Rypy,.

9.3.2. Optimal Load Impedance: We now extend that result to ac
circuits.

Linear
VA»

circuit

Consider an ac circuit which is connected to a load Zj, and is represented
by its Thevenin equivalent.

Zy 1
1\
1__—=o©

v ) [] Z1

O
J

In a rectangular form, the Thevenin impedance Zry, and load impedance
71, are
Zoyw = Ryn + J X1
Z1, = Rp+ X

The current through the load is

I Vi
Zy,+ Zty’
and the average power delivered to the load is
ry R;

1 1 1
P = Z|1|?Re {Zy} = =|1’R; = = | V11>
2|| 1Ze} 2H 2‘ . ’(RL+RTh)2+(XL+XTh)2

Our objective is to adjust the load parameter R; and X so that P is
maximum. To do this we set 887’; and 8‘97’; equal to zero.



9.3. MAXIMUM AVERAGE POWER TRANSFER 119

Setting 657’; = (0 gives
X, =X
Setting % = 0 gives

R; = \/R%h + (X7 + X1)?

Hence, to get the maximum average power transfer, the load impedance
Z1, must selected so that

X = —Xr, and Ry = Ry,

le.,

Zy, = Ry +j X, = Ry — jX1n = Zi,

That is, for the maximum average power transfer, the load
impedance Z;, must be equal to the complex conjugate of the
Thevenin impedance Zry,.

When Zy, is set to be Z7,,, the corresponding maximum average power
that can be transferred to the load is

p [Vl

max SRT}L .

=)

EXAMPLE 9.3.3. Determine the load impedance Z; that maximizes thebuc- w(

average power drawn from the circuit below. What is the maximur:rll a‘\l/%r%‘gy
power? . v —
¢ 4Q jSQ)‘ - o
' M\ Al 2, = 2.23 ~ 4.4 0
)
s |
''10/0°V D , [:IZL .
I j6Q V)
]
[ T | P e 223N
_ - _ I— . b\ G ? th
yQ S'J-Q
ZT\n ~ S’ _ 6' // ) + 5
= -6j N T_.
2.9% + 4. ﬂ?d 2
‘-"OH“'S" A‘av'-cle.f
E §- &
-.-_/-——E. X 10 = JX1O:?'53

. .
R T+ 8-6) " 133)
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9.3.4. Optimal Purely Resistive Load: In a situation in which the
load must be purely real; that is X7 must be 0. Then,

1 1 Ry
P PR, = 1[VA) A
(Rr + Rrn)” + (X1n)

2

Setting % = 0 gives

Ry =\ Ry, + X3y, = |Zn|-

Hence, for maximum average power transfer to a purely resis-
tive load, the load impedance is equal to the magnitude of the
Thevenin impedance Zry,. In which case, the maximum average power
1S

1, |
P 4 ‘VTh } |ZTh‘ + Ry,
Note that
\Zon| + Rrn > Rry + Rry = 2Ry,
Hence,
Hvmz| L < 1lVm]
4 |Ztyn| + R, — 8 Ry
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9.4. Effective or RMS Value

The idea of effective value arises from the need to measure the effec-
tiveness of an ac voltage or current source in delivering power to a resistive
load. We start by considering the more general case of periodic signals and
then consider the special case of sinusoidal signals in [9.4.6|

DEFINITION 9.4.1. The effective value I, of a periodic current
i(t) is the dc current that delivers the same average power to a resistor as
the periodic current.

9.4.2. Consider the following “ac” and dc circuits,

T —

&)

our objective is to find the current I.4 that will transfer the same power
to the resistor R as the sinusoid current 7

I
—

Vet = § R

The average power absorbed by the resistor in the “ac” circuit is

1 2 R 2
P=— ) = — ) .
/0 i“(t)Rdt /0 i“(t)dt

Q: Where don’t we have the factor of %?

A'. 11- ‘l_; L\';o\c;c-\ ;ns':clc _:lj_' j/i;z-l_‘t')Clt when f{.(.fj ‘s
a]

O. SimnuL soicl .
The power absorbed by the resistor in the dc circuit s

P = I%R.

\ P:P
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Equating the two expressions and solving for 4.4, we obtain

I.I_T
Ig =1/ = 206)dt
ff \/T/o 13(t)

9.4.3. Similarly, the effective value of the periodic voltage is found in
the same way as current; that is,

1 T
— _ 2
Veﬁ T /0 (% (t)dt

9.4.4. This indicates that the effective value is the square root of the
mean (or average) of the square of the periodic signal. Thus, the effective
value is often know as the root mean square, or rms value for short.
We write

Ieff — Irms, V;sz - ‘/rms

9.4.5. Note that the rms value of a constant is the constant itself.

9.4.6. _ For a sinusoid z(t) = X, cos(wt+0,), the effective

value or rms value is

L €D
Xoms = | = X2 cos?(wt + 0,)dt = .
\/T/o it bl =75

In particular, for i(t) = I, cos(wt +6;) and v(t) = V,, cos(wt +6,), we have
I, Vin
Irms = —= and Vims = —=.
V2 V2

and the average power can be written in terms of the rms values as

1
P = ivmlm cos(by — 6;) = Vimslrms cos(6, — 6;) |.

9.4.7. Similarly, the average power absorbed by a-can be

written as

V2
e e — Iz ==
rms R
HDU.\&L‘I‘.’\A vol‘]'&ﬁe.
220 V.

N
2 1202 -

AN
%-311\/—1""“‘\*/
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9.5. Apparent Power and Power Factor

DEFINITION 9.5.1. The apparent power S (in VA) is the product of

the rms values of voltage and current. S
r~
S = V;’mslrms F= vfms Ir»-.r C‘“(é"' h 6"")
—
Hence, the average power P = S cos(#, — 6;). pf

DEFINITION 9.5.2. The power factor (pf) is the ratio of the average
power to the apparent power.

e

pf = 5= cos(6, — 6;).

Hence,

average power P = apparent power S X power factor pf.

The angle 6, — 0; is called the power factor angle which is equal to
the angle of the load impedance it V = V,, /26, is the voltage across the
load and I = [,,,Z0; is the current through it. This is evident from the fact

that Vo V0, V.
_ Y _'m vo_ _mé /AN
I 1,,/0; I, (6, = 0:)
Alternatively, define Vs = \% = VinsZ0, and I = \% = 1, Z0;.
The impedance can then be written as

V VI‘HIS ‘/Mns
Z=— = = IS (0, — 6,).
I Lims  ILrms (6 =)

The power factor is the cosine of the phase difference between
the voltage and current. It is also the cosine of the angle of the
load impedance.

9.5.3. The value of the power factor pf ranges between 0 and 1.

e For a purely resistive load, the voltage and current are in phase, so
that 6, — 6, = 0 and pf =1. This implies that the average power is
equal to the apparent power .

e For a purely reactive load, 6, — 6, = £90°. Hence, pf = 0. In this
case the average power is zero.

e In between these two extreme cases, pf is said to be leading or
lagging. Leading power factor means that current leads voltage
which implies a capacitive load. Lagging power factor means
that current lags voltage, implying an inductive load.
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9.6. Complex Power

The complex power (in VA) S is the product of the rms voltage phasor
and the complex conjugate of the rms current phasor. S is a complex
quantity whose real part is the real or average power P and imaginary
part is the reactive power Q).

Complex power: S

1 2
S=P+jQ= 5VI* = VimsI' e = VimsLoms Z(0, — 0;) = I 7 = Vzm

Note that all previously studied quantities can be derived from the com-
plex power. That is,
The apparent power S is the magnitude of the complex power S, i.e.,

S = |S| = V;'ms]rms =V P2 +Q2

The real or average power P is
P =Re{S} = Scos(#, — 6;) =I> .R

rms :

The reactive power () is

Q =Im{S} = Ssin(d, — ;) = 1> X

rms :

The power factor pf is

P
pf = 5= cos(f, — 0;) = cos(phase of S).





